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’ N o The.properties of dn approximation to the standard error of measurement .
,were described and illustrated with hypothetical data. .It: was concluded

\'r that the approxima.tion is a systematic overestimate of the standard l
14

error of teasurement computed in the usual waﬂ'with'l(uder-}iichard:son ' )

formula 20. The relative error of the approximation was small for

what was thought to represent many longer tests. However, for short,-

internally consistent tests of the type used in instructional

R 3

programs, the relative error can be quite large. -
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*r  -The pur_posé of this paper:is, to examine sopme: of tHe properties of an
approximation' formula for the st;_andérd‘error of-measurement that was

&«

recently . roposed by" Garvin‘(l976) l‘lxamiping ‘the p;gpertieé of thids
) '
approximation would segizr’ to be necessar&;'hegaﬁse it 'has been fecommended

N . v e

*  for use with ‘classroom tésts solely on‘.t':he basis of its ’coxiput:ational

-

! simplicity. Furthe’r, the empincal examples used to illust:rat:e tts use

, v, -3
" wgte not: complete” enough to judge the usefulness of the approximat:ion for

- Y4

~ s

. ‘a wide range of classroom tests. ‘Those using the paropgsed approximation ~

-

may not be aware of its properties and recé‘nnnehda’cions for using\ ic

s
3 ”, -

> L] ' .
may weXl'be tempered by.a discussion’ of them.

[—_— \

T The Proposed Appréidmacion

> . . e

Av,
.

[

“ '
A - )

by t:he following fqrmula (Gar‘»rin, 1976, p. 102) g
A\

4 > t M - ) *

" . '\- = YNl L2 SM ‘ . (1) i

. SE)‘“_' N . )
- 3 ’ h [ ® ”‘ - ) \ N .
where - N = the number of examinges taking the test
and , !’Q’/// s T = the number og Qcémir_lege answering a given
. y . L d . . . s

' ' *item correct;ly. .

H s . e »

The approximat:ion is ingended to apply to t:est:s of k it:ems, “each of which
U

’
’

is scored zero ‘or one. - - N
- ¢ N L

Formula (1) is derived .by substituting N‘}for N-1 and k f°f'15;,’l in

.

* the formula: . ’

Sy

-

The proposal is to apprp.ximace the: strandard error of measuremenc a(SEM)
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\ . ’ ~ 4
. SEM = ¢gv¥l - KR20 , (2)
3 z .X)Z «
532 = X - ’ (3)
. . whex;e ohud N -1
- o0 = K (1_223], (4) .
M KR20 vk-l S s
;. e ¥
r R
and 2 - 2&-X% ) (5) )
N .
- : .
The symbols in these formulas have their usual mg-:anings.'
2
‘ Some Properties of SEM” :
It should be noted that formula (2) is appropriate under certain J
[ . : . . '!- ’ »
conditions. One of these conditions is that KR20 is edual to  the
reliability of the test in question. )’I'he necessary and sufficient . ,
conditions, dnder which this is true are called essential tgu-equivalence
= - *
~ (Novick & Lewis, 1967). If the true scores of the {items of a test are
] Ad ) IS P *
not at least essentially tau—equivalent, KR20 will underestimate the
test réliabili'cy, as defined in the classical sense,/and the

’ K standard error of measurement will be overestimated. Additional problems
exist: ¢ generally is not an upbiaged estimate of the population standard \(

y - deviation and KR20 is a biased estimate of its corresponding population \
value (Kristof, 1963). However, for many commercially available tests the .

. . o standard error of measuremen is determined using KR20. For classroom ’

‘ tests, post introductory tedting and measurement texts expréss SEM in terms -
QE,S rather than . This distinction will make a difference, as will be )
discussed below. ' : ' '

) > = . N b

5 4 ‘ ' . ’,
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. Although it is8 obviouS§, it -should‘be ‘stated that . SN
‘. *
- , '
R - . SEM” = YIpg " o ‘ (6) -

. -~
-

s <t [ v >
‘where Ipg is the!sum ;;jthe k item variances. If SEM” is to be recommended

.

e’

then an explanation of the relatilonship of the sum of the item variances .

‘

. to the total test error variance would seem to be in order.‘
' Kuder—Richardson formula 20 in its general form is known as c fficient -

alpha (Cronbach, 1951) Using the notation of coefficient alpha and under
* s 9 ¥
the assumptions of at least essential tau-equivalence, it can be shown that

- .
2 »,
T .
+a, 2 ’
fj e By 2 .
. . / N
where K j = the observed score variance item of j,
o S N 4
‘ cTz = the true score variance of the k-item test, .
x * ?
and .céz = the error acor% variance of the k-item test. ' ¢
X

While it is'trpe that tests composed of items scored zero or one
violate the assumptions, under which equation (7) was derived (see, for example,
Felde, 1965), this expresaion would seem to hold well enough when Ipq is

substituted for Lo, to conclude that the square of SEM” estimates something \

. 3 .

more- than the error variance of the tesé\‘ If expression (7) is true, then

,}ttempting to estimate the error variance via (SEM”)2 could be ln

&

serious error. 5 : ‘

Clagsroom tests that would be used, say, to assess competency: over .

° 3

’
. A




small instructional units, would be relatiggly short an? possibly quite
internally consistent. Such short-tests seem to be used quite f%equently .
: .
in the classggom. In such cases, ithe fraction‘cTZ/k is likely to be high
/' . . X )M

relative to cEZ. For example, Hsu (1971) reports data for foué:item'
- % i

a -

[ re M t .
tests that measure attainment of simgle instructional objectives. Some .

3 .

of the KR20-values he reported-were gigher than .90. One test had
< .

KR20 equal to .97 (¥ = 4%, S = 1,91). *.In this case the value of
I »

SEM” is three times that of SEM (SEM” = ,997, .SEM = ,331).

-

a

'To study how SEM” differs systematically from.SEM we need to express

. 4

\ T '
them in comparable terms, Manipulating formula (4) gives the following
- ) A

result: ' ’ N ‘ )
kel ]mo : (8>

’

. ' (SEM)2 = 2|1 - [
RN \ . v . . T s o

.

Garvin’ chose, to express SEM in terms bf G instead of S. Since textbooks )

.

. typically use S, both casds are ‘amined below.-

* I3
, If SEM is expressed in terms of S, tﬁen it gollows that
. 2
(SEM’)Z - (SEM) 2. 4 __S_iRZ_O_ (9)
, . - SEM- - SEM -’s }Jl - (k—;i]mg.zo.- /IRR20 | ((10)
” . e . (7 1
and . SEM” > SEM . - - - . (11}

o
-

When the observed scoré‘Qhriénce of the:test is computed gs S for, °

both KR20 and SEMN, the approximation SEM” is an overestimate of SEM except

e ! . _ we

- ) ’ Properties
‘ L . . ‘ . 5 .



"

L ' " Properties
. ' .
. g . 6

-

- by
a8 T

when K.RfO = 0. f‘gr f.ixed test length k, the difference in the bxackets

of equation (10) is a monotonically increasing function of KR20. It

4

.intreases rapidly at higher values of KR20 and gives a J-shaped appearance

. / .
) " . when graphed. When KR20 equals onme, SEM” is equal to S/)’E—, whereas, SEM
~ ’ R .
equals zero. ., - o 8 o ¢

. to1f $EM‘is expreésed in terms of ¢ and 1f KR20 is expressed in terms of

\
[

S, then expression (10)- becomes \ : ) .
>

-

it . \ -
.

‘ i k-1 )} N (.
L s+, SEM{ - SEM = le -( m ]KRZO -\H. ) ](1£ KRZO] 12)

» L

ek} I3

In this case the bracketed difference is also a monotonically increasirig, '
< .

.
N

4

+ J-shaped function of KR20 for fixed test length k. However, the following

relationships hold. - ; . . 9 .

* . ' ’ he

. L
. 24 : k -
. X SEM”’> SEM, when D) +% < KR20 <1, (13)

7

s /\ K ;'a ———-k - ’
- - . SEM ?EM, when KR20 oD Tk (14) .

. : ' . 2 "P ' -
. Al N k 4
and SEM” < SEM, when O :KRZO < m .

. L . ’ .

-Algernately, we can write thatg

< (SEM” - SEM)<

[ ~ ? 4 k

[4 ’

-
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Co Relationship of SEM” to Lord's Formulatiom « M N
- 4

b -
- A v

-~

The values obcain?d-for SEM” in Garvin'sgarcicie were contrasted to .

-
.

. ’;Qgg's (1957) formulation of the standard error ¥t measurement for o

et

- . . .
individuals at a-specific score point. Lard's formulation assumes that o

-

* the k items of the tegt are a random sampie from a very large domain '

. o% items. Under the conditions specified in Lord's development, the

’ [ . estimated error- variance for individuals attaining a number righc’score
of X, 1is ) ' .
: 17 . o .
Y '
9 ~ - .
e . g.2 a X (k X1) . . (17) ,
Ei R -1 é
-~

' N Since SEM” is intended to approximate SEM, the value of comparing

] . [N

SEM” to égi should be questioned. One way to interpret (SEM)2 is as the

‘ average of all examinees' individual error score variances. If all in-

’ ]

d¢ividuals are measured with équal'aqpuracﬁ, then (SEM)2 wjll apply equally
A N . <
well/ to each score-level; otheryise, it will not. Since aEi reflect$ the . N

idea that all persons are not measured equélly well,'ic may be more useful
. % ; e . ,

to teachers than either SEM” or SEM. ;: . )
o

. However, if ome is to compare SEM* with SEMi/éhen to ?E“fgggiqcent,

' ' one should compare SEM” with an estimate based on the average of the
- \

GEi-values over all persons tested. Lord (1955) has shown that this average
. ‘is ' . E 7/

..SEML = S¥1 - KR21 , (18) .

~




-~

~

LY

\ :
. o

-

where ' . SEM - = the estimated.average standard error e

. of .measirement based on Lord's formulation,

and o o1 <[ —% (1 - Fe DY an
‘ . . k-1’ kst ) ¢ ' .
. L ' . ’
\ The comparisons that are of interest are .. St
Ca , N .
(SEM")2 - (SEM.)2 = 52 {kmal - |1 kroo<20)
! By K
4 ) ) T - .
and - (SEM )2, - (SEM)? = $2 (KR20 - KR21).’ u -

.- . ' . )_'?. B
- ’ : .
If all of the test items-hqve‘the gsame difficulty=value, then KR20 '
“ y is equal to KR21 and . - . . \E
A ©(sewny2 2 BEZD) v (22) -

- N

. ’

¢ . 2 ' ?)_: 1S . -
' Under these spechal conditioms SEMi is idengfcal to SEM; otherﬁise,-SEML .
: ' ¥

’

will be‘laréer than SEM. The value of SiM’,‘hodever, will still maintain

~
\

‘ . ‘ . . C
¥ the relationships to SEM that ate. described by'tpe equations in the preceding -

/ . Ia ' o - . ’
.

seceton. - - S C oy
Tucker (1949) has shown thit, in general, KR20 is larger than KR21
- ; \ . :

by an amount equal' to - L
L X \ x - .

- ' !_; kZS '(' . (‘z.3> R "
- v . . . k-1)sZ° ‘

iy

o

. N -
- ‘ o
N .

where Szlis ‘the variance of\tﬁg iteﬁ difficulties of the test. This means
- . A , [ I . * ) ". ,

. thap_the difference exprebsed in equation (20) is a function of the item
™ LY L - . ' . ‘ ‘o v ! .
© 7 ) difffculties of the test. We can express.this difference as , = -.: .

\ - .

5

L.

~ R

- - . . FINY
F N v *
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I . P ; % , B *," . B 9 i <
' AT N .mo 22w A
IR . e DR 32 / 2 . 82 k<Sp . 24)
> - R .. (SEM") (sml) D, -
v Similarly, ve- can rewrite equation (21) as - : L
o ,‘ - . . . "‘.\‘ ' c‘ ) . 2 2’ i ‘4 . : - . »
[ - “ N « - N 2 _ 2 - k S ] . o ~——
e .‘#‘ , <SEML.) .- (SEM) m . E (25)
. - B :~',‘l\ .;-; .
) . By applying Tuéeé s (1949 formula 26) result along with equations . .
. ) ’.
(6) and (18), it: can be shown that for k greater than one, g -
¥ an
< . . . R - - e 2
. 4 ' L B kR20 . k@6 ¢ ‘
. . SEM” < SEM.L,!when Kol el ' ) -~
“. TR - . e v
. : PR R e ” L ) . v E @ . N oo
- ) KR20  _ k a7 IR
v | soo - SEY = SEMp, when gpor T Teer -
- . 4 AN, , KR20 k . (28) - -
, * SEM™ > SEMp, When ¥po1 . R-l . . . ] ‘
- , \ . e .o " .
4 ) Taking into account equations (11) and (25) through' (28), we can ' ;
- ) ‘ . e ~ ‘
‘ state the *following relatio‘nahips“among the" three estimators of the S /
/e TN v o N - - ~\ .
standard error of measurememt: EE N
. ' _ SEM, > SEM"> SEM, if condition (26) holds and o
Vv , ,
7 « . L
v, . ' R 1f Kme > KR21; 9. - -
. SI’iML = SEM”> SEM, if condition (23) holds and - - - -
“ L , . 1£ KR20 > KR21; - (30) . = e
BN . \ Lo B
.« _.and .. " sEM” 3 SEML> SEM, if éondition (28) holds- and :
. . s ‘ . - —
’ v, B ) e ano > KR21. (31) .
' e« All three txpressions are equal to S . when KR20 = KR21 = 0. ‘When . o
,  Kkeo-= KR21 4 0, then SEM.L 1s equal.to SEM, buc SEM" 1is still gréZcer ‘ ’
) than SEM as shown by equation (10). ' B A

B . ¢ , » - - N et
- - .
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) / Représentative Values of the Indices

- L4 *

* . .
i e . ¢ -Saupe (1961) has Providéd some represéntat;ve values oﬁ_tes; ‘
_{ stati§tics for'thrée’general typgs of tegip. Table 1 is'based on.Sau%?'q
LI . values._ and se;ves to illustrate lhe’algebraic-résults obtained above. .
It should be noted that in making the ‘calculations for 'I:‘able 1, the ] ‘
¢ ‘~i - ‘values for Gjand KR21 were carried to more decimal places than Saupe
) presented. jz:o: Table.} uses- expression (5) };r the test variance for
i al; compﬁtations. ’ . - o
’ . o - Inse;t Table 1 abou; here ' ’ )
[ . ’
. : ~ Iwo points may be noted.from this t;£le; Firsé, as the ;verége
_::*’item difficultyrlev;l approaches .50 and as the vgriance of the X
L. ._item difficulties app:pache; zero, the dﬁgcrepancies between all of the \
- /

v indices become smaller. Secohdly, SEML tendsdio be closer to SEM than

- SEM” is, yhen the variance of the-item difficulties is ler than .02,

~ '-- regardless of test length*r . .-

.
N

- = e One_would ‘guess that most achievemént tests would have distributions
of item'difficUlties-?1thﬂ%éire2.raéging between .20 and .80. A uniform

distributiog of item difficulties over this range would have Sg = ,03.

-~ -A symetr}c, somewhat platykurtic distribution over'the range .25 to .75, f

.

might be more typical of achievement tests designed to sﬁrvey broad ranges

'

-

of achievement in a subject. Such a distribution would likely hawve Sg

equal to about‘jal. If one were to ‘concentrate item difficulties over ) .

© =7-~ 4 andrrow range, say, .45 to .60, then a uniform distribution over this . .
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. Lo 11,
range yould have Sg less than/.01. It is in the latter two cases that e

¢ »

Sg is smallest and SEML isacloset to the value of SEM.'

T4
It should be noted however, that the relative error of SEM~ is
generally small for the values$ shown in Table l, ranging from 8.8% ’
(Al = ,280) to 2.2% (Al = ,048). ‘The relativewer:or for SEML is . _ T
- - = Ead } . - ‘

generally more substantial for these values, and-ranges from 38.77% ‘\\
; " kK :

KA = ,555) to 0%. If it i -true th@t wost educitional achievement - .

":u‘ . .

‘&able 1 would indicate that the

tests would have Sg < ,0%, theno
relative error of SEM” is small, being between 2% and 5%, when the test
N ( :

p . , i ) .
length is 20 items or more® The relative error far SEML ig also small - — -

for these values of $; and.test length, ranging between 0% and 3Z%.

-

Summary ; N\

. =,

Recently, Sﬁﬁ’ (8s defined by formula (1)} was proposed as a; .

computationally simple . approximation to the standard error of measurement ‘ s

- . { .
(SEM) for & test when this index is defined as in formula (2). Several _ :
N

properties of SEM” were fdentified: B
° ]
1. The index SEM” can be shgwn to be systematically related to

the true score variance of ‘the test [formula (7)]. This means ’5¥§

that for short, very réliable tests, the relative ertr in SEM” cam be

quite high, . r - , .

' * -

2. Fot the same data, SEM® is always larger than SEM when'KR20‘> 0

’

-

and when the test's standard deviation is computed in the same way for both
2 ' " .
SEM and for KR20. When SEM is defined as in formula (2) and when KR20

id defined as in formula (4), then gEM’ can underestimate SE& for the —

" same data.

l

-

[
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3. It is‘fei:‘that the comparison of SEM” tb Lord's ;Ei was
;nappropriate, since SEM” attempts to approximate the_average examinee'a
error-score staﬁ&a&d Heviation, while SEi Qeeé n;;. 'The "appre;riate"
comparison "would be to SEML as defined in formula (18)

3

4, The, relacionship between SEM, SEM”, and SEM{‘ﬁepends on the

> -

variance of the item difficult indices, or, alternatively, on the ratio

of KR20 to KR21 . These relationships are “described by inequalities "(26)

through (31). ' < .

%

5. If it is true that most educational achievement tests have

Sg < .01, then the relative errors of both SEM” and SEML'infabproximating
SEM seem to be quite smdll when the number of items is over 20. The

relativé error of SEM, is somewhat smallef than the rélative error of

»

SEM’¢f6r_this range of Sg-values, however.’
Whether the #nformation above,argﬁes for or against recommending the
use of SEM” fof classroom-tests depends on whether one is inclined to

recommend computationally easier *formulas that are known to be systematically

biased and that seem to lack conceptual relationships to the qualities of the

¥y
-

tests which they gepk to estimate. If so, then SEM” has merit, at least

for longer tests with equal item difficulties.

g
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N . . '_ ’ Table 1 . -' Properties - -
Repreaentative Values af SEM, SEM”, and SEHL for 3 Types of Tests Described by Length and Variance \ 15
2 - ; : ; T
SP ~- . Forqfa=_ 3" i * Porge .4 t / 4 Porg=.5 -
Y L4 4 -
s - KR20 SEM X 8EH” ) Ay & 83 KR20  SEM SEH” Iy by by KR20 SEM’ SEM™ | A} ° 4, 44
! - * 1 -
" . - . 2 . » .
. - - . TEST 1. k = 20, 8 «'9 . - -
/ . . v N — Q
.09 .772 1.433 1,549 % .116 .555 ~.438 .702 _ 1.638 1.732 .094  .501 -.408 .678 1701, 1.789 .087  .487 -.400
, 04 .655 1.762 1.B44 .082 .225 ~-.143 - .585 1.933- 2.000 .067 - .207 - -.140 _.561 1.987 7 2.0d9 .063 .202 ~-.139
. .02 - .608 1.878 1.949 .072 _109 +.037 -538  2.039 2.098 .057  .101 -.042 515 2,090 2.145 .055  .098 -.Q44
ﬁ £ 01 .585 1,933 2.000 .067 .054 .013 .515  2.090 2.145 .055 .050 .005 - _ .A91 2.140  2.191 0517 .049  .002
c~ 00 561=_1.987 2.049, .063. 000 .063 , .491 2.140. 2.191 .051 .000 .051° V468 | 2,188 2.23%— - .048  .000 .048 ~
KR21 = .561, SEM, = 1.987 KR21 = .491; SEH, = 2.140 . KR21 = .468, SEM; = 2.188 .
= — — ey =
‘ - ‘ - N TEST I1. k = 50, 8° = 49 ) - .
d | .09 . .B95 2,263, 2.449 .186 .853 ~-.667 .B6& 2.579 2.7%9 L1599 ,774 -.615 .854 2.676 -2.818 .152 - ,752 -.600
. .04 ° -843 2,770 2,915 .145 .347 ~,201- .812 3.034 3.162 .128 .320 -.191 .802 | 3.117 3.260  ,123 .312 ~-.188
.02 ©.823 -2.949 3.087 .134 ~.168 -.035 .791  3.198  3.317 .119  .156 -.037  ° .781  3.276 - 3.391 - .115 152 =.037
, .01 ..812 3,03 3.16% ,.128- '.083 .046 .781  3.276 3.391 ° .115 .077 .038 " .17 3.3537 3.464 JA11 -.072 ° .0
.00 ~802. 3.117 3.240 .134 .000 .124 L7711 3.353 3.464 111 .000 ™ 111 .760 3.429  3.5% 107 .000 .107 ,
VKR21 = .802, SEM, =+3.117 . . KR21 = 771, SEM, = 3:353 * KR21 = .760, SEM, = 3.429 - '
. - - ' .« T R . [
: . 4 TEST TII. . k = 100, S%.= 196 ' ; c o
. .09 .948- 3,185 3.464 .280 1.201 -,921 933 3.629 _ 3.873° .244 1.089 -.845 ., .928 3.766  4.000  .234 1.058 -.824
. .04 .922  3.898 4.123 .225 .488 -.267 907  4.269 © 4.472 203,450 -.246 .902 4,385 4.583 197 -.439 -.242 T °
.02 912 4,149 4.359 .210 .237 -.027 .B97  4.499  4.690 L1917 .219 -.028 .892 4.610 4.7% .186  .214 - -.028
Ny .907  4.269 4.472 .203 .117 .087 .892 4.610  4.796 .186 .108 078 . .886 4,718 4.899 .181  ,106 .075
<« . % 00 . .902 4.385 4,583 .197 .000 .197 886 4.718 4.899 181 .000 .181 .881 4.826 5,000 -.176 .000 , .I76
' KRzl = .902, SEM, = 4.385 KR21 = .886, SEM, = 4718 ’ KR21 = .881, SEM; = 4.824 '\ .
i ; - — - ; g Y ; 5 —
c ROTE: &) = SEH” - san"- SEM, - SEM; 83 = SEM” - SEH, . . A . . .
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